A GENERAL THEORY OF SURFACES AND
CONJUGATE NETS

BY
V. G. GROVE

1. Introduction. The object of this paper is to present a general method
of studying nondevelopable surfaces and conjugate nets from a projective
point of view. The method used is that of tensors. An earlier paper [8](})
initiated the study we are attempting. A still earlier paper [6] presented a
similar theory from a non-tensor point of view, but certain restrictions in-
herent to the method caused considerable loss of generality. The present
study removes these restrictions.

Covariant differentiation is based on a connection arising naturally in the
theory rather than on Christoffel symbols derived from a quadratic form.
The components of this connection reduce to the Christoffel symbols based
on the metric tensor if the geometry is specialized to that on a surface im-
mersed in euclidean space of three dimensions. An easy direct method is
therefore available for the study, from the metric point of view, of geometric
entities commonly considered in projective geometry. The final section is de-
voted to these considerations.

In the discussion of any particular geometric entity, it is usually desirable
to reduce the forms inherent to the discussion to suitable canonical forms.
However if it is desired to study two or more disparate entities simultane-
ously, there is considerable labor involved in relating the canonical forms
commonly associated with their study. For this reason we have delayed re-
ducing our forms to a canonical form until §5, leaving all formulas in un-
specialized parameters.

Green showed [3] that the invariants (and covariants) of a surface ex-
pressed in terms of the asymptotic parameters may be expressed essentially
in terms of arbitrary non-conjugate parameters without preliminary integra-
tions. He assumed that the necessary integrations have been performed, then,
by changing the parameters, computed the invariants of the surface in the
new non-conjugate representation. In this paper we compute the invariants
and covariants of a surface (or conjugate net) directly in terms of arbitrary
parameters. The tensor notation makes these computations relatively easy.

Let the homogeneous projective coordinates (x!, x2, x3, x*) of a point in
a projective space of three dimensions be given as analytic functions of two
parameters %!, 2. Denote by S the surface generated by x. Let (3, 32, 3%, y%)
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be the coordinates of a point y not in the tangent plane to S at x. The pairs
of functions x, y satisfy a system of differential equations of the form
62:)4:/614“614‘i = Ligdx/ou’ + Pogx + Dogy,

0y/0u" = Modx/ou’ + Qux + E.y,

repeated indices indicating summation.
Under the transformation

(1.2) ue = yo(@, a?), J =|ou=/ow?| % 0

1.1)

the coefficients L% in (1.1) transform according to the law of transformation:
—p A Ot ou° %> \ owF
Lo = po
ou* 94 DALY

our

These functions may therefore be used as a basis for covariant differentiation.
If covariant differentiation with respect to the connection Lis be denoted by
a comma, we may write equations (1.1) in the form
%,ap = Papt + Dagy,
Y.« = Mo, + Quz + Euy.
The integrability conditions of system (1.2) may be written in the form
Pop,y — Payp = QsDay — Q1Das,
Daug,y — Dayp = EgDay — E4Dag,
Mop — Mp.o = 5005 — 55Qc + EsMo — EuMj,
Qus = Os.a = EfQu —~ EoQs + PuyMp — Py, Mo,
Ry + Paxds — Pogdy = DogM’y — DaxyMj = Plgy,

] »

Ea.ﬂ - Eﬂ.a = DapM; - DﬂpMi = Lpapg = Rpaﬂ'

(1.3)

1.4)

Let 2z be a focal point on the line /; joining the points x and y, and let
u==u%(t) be the parametric equations of the curves on S corresponding to the
developables of the congruence I'; of lines /;. The general coordinates of 2z are

expressible in the form
z =y — ¢x.
The parameter ¢ and the differentials du= satisfy the respective equations
¢ — M+ M =0, M =| M,
(1 °5) ] . A
M.Idu du = 0,

wherein
(1.6) In=0, Ira = (— D)%, Iy = — (— D)2, Iy =0, D = | Dug| > 0.
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The asymptotic curves on S are defined by the differential equation
1.7) D, durdu = 0.

The harmonic invariant of the forms appearing in the left members of (1.7)
and the last of (1.5) may be written in the form

M;Dpa - M‘;Dp = P:aﬂ~

Hence the congruence I'; is conjugate to S if and only if

(1.8) E.s— Es.=0.
Under the transformation
(1.9) y = 6°x,, + ¢x + a7y, a#0,

the system (1.3) transforms into the system
%08 = Popx + Do,
Yia = ﬂ:x;p + an + Ea)-”

wherein the semicolon denotes covariant differentiation with respect to the
transformed connection

(1.10)

Lws=Lig+ Dt
The remaining coefficients of (1.10) useful to us are given by the formulas
Pop = Pog + ¢Dop, Das = aDap,
oMo = M — ¢3e — 0ia + (Ba + 4,00,
E,=Ep,—0,— A, A = log a,

wherein
0o = Dayb°.

It follows that the components P%,s transform under (1.9) according to the
law

Prap = (Ea — 02) 5 — (Es — 6p).a
Let D2 be defined by the relation.
D*D,s = 3.
Now in the transformation (1.9) choose
0 = (E, — w,e — A ,0)D*,

wherein w is an arbitrary differentiable function. Then the transform of E,
under (1.9) is given by the formula

E, = 0.
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The congruence T of lines /; joining x, 7 is conjugate to S. Hence we may
without quadratures, and in any parametric representation whatever, find all con-
gruences conjugate to a given surface. These congruences depend upon one arbi-
trary differentiable function of the arbitrary parameters on the surface.

From (1.5) the harmonic conjugate of x with respect to the focal points
on l; is the point { whose general coordinates are given by the expression

t=y+ M,z/2.

We shall call this point the K-point of x on the line .

The curves on S corresponding to the developables of the congruences I,
of the lines /, joining the points 71, 2 whose coordinates are defined by the
expression

(1.11) Ta = ZX,a+ N

are the integral curves of the differential equation
(1.12) Tue DI pdusdu = 0,
wherein

Tap = Pag + Nasg — Nads.
The curves (1.12) form a conjugate net if and only if
(1.13) Tap = Thay
that is, if and only if
(1.14) Nas — Mga = 0.
Differentiating (1.11) covariantly one obtains
(1.15) Ta,8 — Na?p = TapX + Dopy.
If (1.13) holds, one obtains from (1.15) the equation
r1/0u? — Nory = 90rs/du — \i7a.

An obvious geometrical interpretation may therefore be made for the condi-
“tion (1.13).

Let A be a differentiable, but otherwise arbitrary, function of #!, %2 If
in (1.11) we let A,=A , the condition (1.14) is satisfied. Hence the most gen-
eral congruence harmonic to S is the congruence of lines joining ry, rs where

(1.16) fo = %,a+ A, a=1,2

2. Reciprocal congruences. Let the roots of the quadratic (1.7) be written

in the form
dul:du® = A':A?, du':du® = B':B?,

and choose the proportionality factor for 4«, Be so that



1945] A GENERAL THEORY OF SURFACES AND CONJUGATE NETS 109

2.1) A*Bf + BeAFf = 2D°5,
If we let
Ao = D,A°, Ba = Do, B,
then
(2.2) A.Bg+ B,Ag = 2Dog, A,B° = A*B, = 2.
It also follows that
= 45 pets 219
wherein

=y, I? = (— D)2, I = — (— D)2, 7?2 = 0.

We shall call the asymptotic curve whose tangent vector is 42(B®) the
A-curve (B-curve) with similar appellations for the tangents to these curves.
Consider now the points X, Y lying respectively on the A-tangent and B-
tangent. The coordinates of these points are of the form

(2.9 X = Aex,, + Ax, Y = Bex,, + Bx.
As x moves along the B curv;a the point X moves on a curve a point X’ on
whose tangent has coordinates given by the expression
X' =2y+ (4B + AB" + M)z, + (4.8 + P,d"B 4+ M)x.
In a similar manner we define a point Y’ by the formula
V' =2y + (BA" + BA" + uB")x, + (B.A" + P,,A’B" + uB)x.

The points X’, ¥’ and x are collinear if and only if \, u, 4, B satisfy the equa-
tion

M+ 4B 4+ 4°B" = uB" + BA" + B4,
Hence
A= (B,/2)(BA" — 4",B"Y + B = B, ,I” + B,
b= (4,/2)(4%B" — B,A") + 4 = 4,,1" + 4.

For this choice of \, u a point Z on the line joining x, X’ (or x, ¥’) has
coordinates given by the formula

(2.5) Z=1y+Frx,/2
wherein F< is defined by either of the equivalent expressions

F* =A% + (4°B\/2)(BA" — A’,B") + BA" + AB°,
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F* = B5A" + (B"4,/2)(4"B" — B'A") + AB" + BA".

Combining these expressions and making use of (2.1) and (2.2) we may
write F< in the form
Fe = — T4 AB*+ BA=

wherein
T° = D”TS,,
a a\
Tpv =D (Dp)\.a + Dvx,p - Dpu.)\)/z-

There exists a unique line I, through x and intersecting the tangents to the
loci of X and Y as x moves respectively along the B-curve and A-curve on S.
This line is determined by x and the point Z whose coordinates are given by (2.5).
The line Iy so defined and the line I, determined by X and Y are of course recipro-
cal lines [5].

Conversely the line /; is the reciprocal of the line /; joining x to Z defined
by the expression

(2.6) Z=1y— 06z,

if A and B are so chosen that
¢ = [T — (ABr + BAr)]/2.

Hence the line /; joining the points X, ¥ defined by the expressions
X = Af[x, + (T, — 20,)x/2],
Y = Be[x, + (T, — 26,)x/2]

is the reciprocal of the line /; joining x to the point Z defined by (2.6). This
line /; intersects the parametric tangents in the points r;, r, whose coordinates
are given by the expression

te= %o+ (Toa— 20,)x/2.

Suppose the congruence I'; of lines /; is harmonic to S. Then from (1.16)
we find that /, intersects the asymptotic tangents in the points X, ¥ whose
coordinates are given by the expressions

2.7 X = A°(x, + A,,%), Y = Be(x,, + A,,x).
The reciprocal polar /; of /, joins x to the point Z whose coordinates are
Z =1y — (T? — 2D*"A))x,/2.

Since T’y is harmonic to S, I'; is conjugate to S.
Let covariant differentiation with respect to the form

pD,odurdu’
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be denoted by a semicolon. We find readily that
Tiap = Toap — [Top + (%P5 + 03P« — DuD” Py)/2)z,, P =logp.
Hence
Drex,p/2 = y — Tex,/2 + P,.Dx/2.

It follows that the line joining x to the point whose general coordinates are
Drex,,, /2 is the reciprocal of the line joining the points x .1, x 2 for every value of p.

Consider now the line /; joining x to y. A point z on /; has coordinates 2
given by the formula

(2.8) 3=y — ¢x.

As x moves along the A-curve the point 2z describes a curve, a point 2’ on
whose tangent has coordinates given by

o = (M= $8)%5, + Qo — 6., — $E)z]4]
From (2.4) we may show that
%, = [BaX + Aod¥ — (ABa + BA.)x]/2.
Hence we may write the coordinates of 2’ in the form
& = A (M — $5)(B,X + 4,V)/2 + ()=,

the coefficient of x not being necessary for our purposes. It follows that the
tangent to the locus of z intersects the B-tangent at x if and only if ¢=¢,
where

$1= MiDpA'B /2 = (M5 + MIDAI™ /2.

Interchanging the roles of the asymptotic tangents and curves on S, we
find a second point determined by (2.8) with ¢ =¢, where

¢2 = (Mo + M.DAI)/2.
The two points 21, 22 determined by ¢, ¢, coincide if and only if
(M:Dp)\ - M;Dpa)I’)\ = 0,

that is, if and only if
Ea.ﬂ - Eﬂ,a = 0.

Hence on an arbitrary line I, protruding from S at x there exist two points z;, 2,
which, as x moves along respectively the A-curve and B-curve, describe curves
whose tangents intersect respectively the B-tangent and A-tangent. These points
coincide if and only if the congruence T is conjugate to the surface.

We conclude this section by deriving the condition that the surface S be
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ruled. The osculating plane at x to a curve C through x whose tangent is de-
termined by the contravariant components C* passes through the three points

(2.9) %, Czx, D,Cy+C.Cx,

These points are collinear, that is C is a straight line, if and only if C is an
asymptotic curve, say an 4-curve, and if and only if

(2.10) Ry = 24,4°4°
vanishes. In a similar manner the B-curve is a straight line if and only if
(2.11) R, = 2B,B’,B’

vanishes. Hence the surface S is ruled if and only if the invariant R=R,R;
vanishes. Using (2.1), (2.2) and (2.3) we may write R in the form

(2.12) R = Dp\ oDy (171D + I#41°°D + +]7°Dr¢ + DMDréDet),

3. The quadrics of Darboux. By proper choice of unit point, the point
Y whose general coordinates are given by the expression

¥V = yox + yox,’+ »y

will have local coordinates (¥°, ¥?, ¥%, 9°) referred to the tetrahedron (x, x 1,
%3, ¥). In terms of these local coordinates the equations of S may be written
in the form

3 = 14 P s /24 - -,
3.1) y" = 8u" + Lodu'du’/2 + - - -, o
ya = D,.Au"A’ /2 + E(,,,)‘)AupAu'Au)‘/6 4+ .-,

1,2,

wherein
3Z24ery = Doapr + Dor,p + Drpo + DapEy + DgyEq + DoyoEpg
+ 3(DouLir + Doy + DruLye).
From (3.1) we may show that each of the quadrics,
(3.2) Dpoy?y” + y¥(— 29° + k,y? + ksy®) = 0,

has second order contact with S at x for arbitrary values of ki, ks, ks. The
triple point tangents of the curve of intersection of S and a quadric of the
family (3.2) are given by the expression

(3.3) Tondurdu’du* = 0,
wherein
31"90) = Dpo,)”l' Da)‘,p + D)p.a + Dpol)\ + Dv)\lp + D)\plvy la = Ea - 3ka/2.
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The forms appearing in the left members of (1.7) and (3.3) are apolar if

and only if
3D"1rp¢a = 4(Aa + la) =0,

4A¢ = D”(ZDpa,v + Dpv.a)-

Hence k.= T,. It follows therefore that the quadrics of Darboux have the

equations
Dpoyry” + y3(— 29° + Tpy* + ksy®) = 0,

k3 being an arbitrary parameter.
The differential equation of the curves of Darboux may be written in the
form
Popdurduidu = 0

wherein
3Pp¢)« = Dac.)\ + Do’)\.p + D)\p,a - (DpcA)‘ + Dv)\Ap + DMAv)-

4. On conjugate nets. Let the contravariant components of the asymp-
totic tangent vectors be again denoted by 4 ¢, B= and subject to the condi-
tions (2.1). Let U#, V= be the contravariant components of two other distinct
tangent vectors. We may write these latter components in the form

Ur = mAr» + nBe, Ve = pAr 4 qBr, . mq — np #= 0.

We find readily that
D, U?V° = 2(mq + np).

We shall speak of the curves whose tangent vectors are U®, V=« as the U-
curves and V-curves respectively, with similar names for the tangents to these
curves. We see readily that the U-tangents and V-tangents are conjugate if
and only if mq+np=0. Hence the contravariant components of conjugate tan-
gent vectors may be written in the form

Ur = N(mA? + nBr), Ve = u(mAr — nBr), Aumn #= 0.
We find readily that
D, UrU° = 4\’mn, D,,V°V° = — 4u’mn.

We may therefore choose A, u so that mn =1/4. Hence the contravariant com-
ponents of conjugate tangent vectors may be written in the form

4.1) Ue = mA» + nBr, Ve = mA? — nBe, dmn = 1.

It follows that
D, UsU* =1, D, VeVe = — 1.

Any point X on the U-tangent has coordinates of the form
X =Urx,+ Ux.
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A point X’ on the tangent at X to the locus of that point as x moves along
the V-curve through x has coordinates

X' = UV + UV + 20"z, + ()a
The point X’ is on the U-tangent if and only if
Uvi+\U" = - ULV
Henc.e the focal point X on the U-tangent has coordinates defined by the ex-
pression
(4.2) X=Ux,+ VUV x

Similarly the focal point ¥ on the V-tangent through x has coordinates given
by the formula
(4.3) Y=Vs%,- UV, U

From (4.2) and (4.3) we find readily that the ray of the conjugate net joins
the points R, whose general coordinates are given by the expression

Re = 2,0 + Nax

wherein
Ne = — (VaU, VU + UdV,,, UPV).

It is easy to show that the contravariant components U<, V< .of any other
conjugate vectors may be written in the form

TU? = Ur cosh H + V¢ sinh H,

(4.4) - .
Ve = Ursinh H 4+ Ve cosh H,

and that the U-curves and V-curves form a pencil [11] of conjugate nets if H
is constant. In particular the associate conjugate net of the given conjugate
net is given by (4.4) with H=1r/4.

Using (4.2) and (4.4) we easily show that the focal point X on the tangent
to the U-curve has coordinates given by the formula

(4.5) X = X cosh H + Y sinh H + sinh H cosh H(® sinh H — ¥ cosh H),
wherein
& = U,ULU + VoV + VULV + Vo, U,
= — [V (ULU + ViV + U0 + V.U
Or using (2.10) and (2.11) we may write (4.6) in the form
® = (m*R, + n*R,)/4, ¥ = — (m3R, — n®R,)/4.

(4.6)

Hence
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R = (& — ¥?)/4.

Setting H=14w/4 in (4.5) we find that the associate ray joins the points
R,, R, where _
R, = x,4 + Xax,

wherein
4.7 Xe = A+ (BUL — ¥VL)/2.

Let us now consider the axis of the given net. From (2.9) the osculating
plane of the U-curve at x is determined by the points

x, pr,p, y 4+ U‘.'GU'x.p-
If we write the general coordinates of a point Z in the form
Z = 212 + 22X + x3¥V + xgy

the equation of this osculating plane in local coordinates, referred to the tetra-
hedron (x, X, ¥, ), is

x3 + V,UT,U':Q =
Similarly the osculating plane at x to the V-curve through x has the equation
2+ U VoV z = 0.

These osculating planes intersect in the pomt x and in the point Z whose gen-
eral coordinates are given by the expression

Z=y—0zx,
wherein
(4.8) = LWVU + nULUTY .

The axis of any net of the pencil (4.4) joins x to the point Z whose general
coordinates are given by the formula

— —p

= (U,V.V cosh H+ V,U,U sinh H)X
+ (U, V.V sinh H + V,U°T cosh H)Y — 4.

The equations of the axis of the net (4.4) may be written in local coordinates
in the form

%2 + [U, V5,V + sinh 2H(® sinh 2H — ¥ cosh 2H)/2]x = 0,
4.9 .
(4-9) 2 + [V, U U’ + sinh 2H(® cosh 2H — ¥ sinh 2H)/2]x, = 0.

It follows therefore that the axes of all nets of a pencil of conjugate nets on
a quadric surface coincide with the axis of the given net. Moreover if the surface
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is a non-quadric ruled surface, the locus of the axis of a net of a pencil of con-
jugate nets is a plane. The equation of this plane is

dy, 4+ Yy; =0
wherein
Y2 = %3 + U,,V:,V’x‘;,
ys = a3+ V,U'U 2.

If S is not ruled, homogeneous elimination of H from (4.9) yields the fol-
lowing equation of the axis quadric cone [10]:

2 2 !
y2 — ¥z — (®y2 + ¥ys)xe/2 = 0.

The tangent plane to this cone along the axis of the given conjugate net has

the equation
@y,z + ‘I’ya = 0.

This tangent plane intersects the tangent plane to S at x in the second canonical
tangent of the given conjugate net.

Setting H=mi/4 in (4.4) we find that the associate axis joins x to the
point whose general coordinates are

y - pr.p
wherein
(4.10) o = 9o — (BU?> — YV?)/2.

From (4.7) and (4.10) we verify Green’s theorem [4] that the ray and associ-
ate ray congruence of a conjugate net coincide if and only if the axis and associate
axis congruence coincide; the sustaining surface must be a quadric.

Consider now a point Z on the line /; joining the points x, y. The coordi-
nates of Z are of the form

(4.11) Z =17y — ¢x.

As x moves along the U-curve of the conjugate net the point Z moves on a
curve. A point Z’ on this latter curve has coordinates

z' = (M, — $3)(U,X — V,1)U" + ()x.

The tangent line to the locus of Z intersects the V-tangent at x if and only
if ¢ =¢; where
(4.12) 61 = — MIDAUT .

Interchanging the roles of the curves of the net, we find a second point de-
fined by (4.11) with ¢ =¢; where
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(4.13) $s = MD,VV' .
We shall speak of the two points Z defined by (4.11) with ¢ =¢; and ¢ =¢,
as the involutory points on b with respect to the conjugate net. Using (4.1), we
may write (4.12), (4.13) in the form
$1 = M,/2 + (mP + n*Q),
¢ = M,/2 — (m*P + n?Q),
wherein
p o A ] o_\
P=MDpA'A", Q= M.D,B'B.

Using (1.5) and (2.3) we may show the vanishing of P and Q implies that the
developables of the congruence T’y of lines I, intersect S in the asymptotic net on S.
The unique conjugate net defined by (4.1) with

mP+nQ =0 PQO=0

has coincident involutory points on 1.

If the developables of the congruence I'y do not intersect S in the asymptotic
curves, then the involutory points on I, form an involution as the generating con-
jugate net varies through the conjugate nets on S. The double points of this in-
volution are the point x and the K-point of x on b,

5. On canonical forms. The transformation

(5.1) x = ufx, uw#FO0, logu="U,
transforms (1.3) into the system
Fi08 = PapZ + Dagy,
Yia = Mok, + 0u® + Eay
wherein the semicolon denotes covariant differentiation with respect to the
transformed connection
Lo = Log — 8.U 5 — 85U,

and wherein

Paﬁ=PaB_U.aﬂf U.aU,ﬁv
ﬂ-ﬁaﬂ = Daﬂy -n—[‘; = ”'M:y
Ou = u(Qa + MU,), E.=E.

Let R be a function having the following properties (P): (a) R0, (b) R is
absolutely invariant under (1.2), (c) the transform R of R under (1.9) is given
by aR=R, and by (d) R=uR under (5.1). We easily verify that the function
D defined by (1.6) transforms according to the laws D =a2D under (1.11) and
D =p~2D under (5.1).
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The coordinates of the point 7, defined by the formula
Ta = %0 — fax/4,
wherein
(5.2) fa=Lya+ Eo — 2(log R) o« — (log D),o/2,

transform under (1.9) and (5.1) according to the respective laws of trans-
formation #,=7,, #,=pur., and are therefore the covariant components of a
vector. Moreover under the transformations (1.9) and (5.1) the transform f,
of f. is given by the equation

fa = fa - 4U.a-
Moreover fa,6—fp.« =0, and hence we may choose p so that f.=0. The co-
ordinates of the points 7, than assume the form

(5.3) Ta = %,q

The form of (5.3) is preserved under (1.9) and (5.1) with a arbitrary and
p=const.

The line joining 7, and 7, is an intrinsic line which we have previously
called an R-harmonic line [7]. If in particular the invariant R is taken as
that invariant defined by (2.12) the line is the reciprocal of the Fubini-Green
projective normal.

Let us assume that the coordinates x are so normalized that the line join-
ing x1, x,2 is an R-harmonic line. According to (2.6) the reciprocal of the R-
harmonic line joins x to the point Z given by

Z=1y— Trx,/2

Under the transformation (1.9) the functions I” transform according to the
law _
Tr = a1(T? — 26°).

Hence we may choose ¢ so that T» =0. We shall suppose that this transforma-
tion has been effected.

Since the line xy is the reciprocal of an R-harmonic line, it is an R-con-
jugate line and the congruence generated by it is conjugate to S. It follows
that condition (1.8) is fulfilled. The coefficient a¢ in the transformation

(5.4 y = ¢x+ ay
may be chosen so that E.=0; the coefficient ¢ in (5.4) may be chosen to
make M%=0.

Hence we may reduce the system (1.3) to the form
%,a8 = Papx + Dagy,
Vo = M‘:zx.p + an’
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in which the line joining x 1, x 2 s an R-harmonic line, xy is the corresponding
R-conjugate line, the point y is the K-point on xy. The system is characterized
analytically by the conditions

fa=0, T°=0, E.=0, M,=0.

Suppose again for the moment that the defining differential equations are
in the unspecialized form (1.3). Let there be given a form

@,edurdu’ = 0,

and let T';, be the Christoffel symbols formed with respect to the components
@,.. We may readily show that

a a a
rpl = va + Apn
wherein
a ak ap a
A = a (apne+ 8o — o0 )/2, a a, = 0.

Let a curve C through x be considered as imbedded in a one-parameter
family of curves defined by the differential equation

dul:du® = C1:C2

The curve C is an extremal of the integral

f (apedurdus)1i?

if the contravariant components C= satisfy the condition
(5.5) [€°ch\ = Cch + ' Ccah — a3 = 0.

Referred to the tetrahedron x, x, ., ¥ the osculating plane at x to the
curve C subject to the condition (5.5) has coordinates given by the formulas

=0, &H=CD.C, f=-CDLC,
£ = (C'4,0 — C'AL)CC”,
Homogeneous elimination of C= yields the following equation of the envelope

of these osculating planes:
(5°6) 4D”$p‘<’vl = Q"’"&Ea&, = 0,

wherein

I = (4 — (3D" 45, — 2D 4% )5,
and wherein the coefficients Q¢** are immaterial for the present. It is easily
shown that the cusp axis of the cone (5.6) has the equation £=I=0.
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ThisJine joins the point x to the point Z whose general coordinates are given
by the formula

Z=y— (3D"A,, — 2D A0)xx/4.

From (2.7) the reciprocal of this cusp axis joins the points 7, defined by
the formula
o . p

(5.7) fo= %o+ [Ta— Dar(3D" A}, — 2D 4°) /4] /2.

If in particular we let aug=RD,s wherein R has the properties (P), then
the expressions (5.7) may be reduced to

Ta = %,0 — fax/4,

f« being defined by (5.2). It follows that the cusp axis [1] of the extremals of
the integral

f (RD,edurdus)1t

is the R-conjugate line defined by the invariant R. If R is the invariant (2.12),
the cusp axis is the projective normal.

6. Metrical considerations. Let us specialize the differential equations
(1.3) to be the Gauss differential equations of a surface immersed in euclidean
space of three dimensions. We may interpret the functions y as the direction
cosines of the metric normal, and the comma as indicating covariant differ-
entiation with respect to the metric tensor gags.

Under these restrictions we may write the components of some of. the
tensors in the previous theory in the following forms:

6.1) Te* = D*(d log K/du)/2, fo = — 3 log (K'/2R?) /3u=,

wherein R is an absolute invariant under (1.2) and K is the Gaussian curva-
ture of the surface at x.

It follows from (2.6) that the reciprocal of the ideal line in the tangent
plane to S at x has direction cosines proportional to

y — D9 log Kx,,/du") /4.

Hence the reciprocal of the ideal line coincides with the metric normal if and only
if the surface has constant Gaussian curvature. Or at the point x on a surface of
constant Gaussian curvature every quadric of Darboux cuts the metric normal
orthogonally.

For surfaces of non-constant Gaussian curvature, the reciprocal of the
metric normal joins the points 7, whose coordinates are given by the formula

2%,q
fa =%+ —7— (not summed on «).

d log K/ou=
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Let R be an absolute invariant under (1.2). Then the R-conjugate line
has direction cosines proportional to the expressions
y — (I* + D*f,/2) /2.

Using (6.1) we may write (6.2) in the form

L i} R?

(6.2) y+ D P 1 g(F) X,p.

It follows that the metric normal [2] is the special R-conjugate line for
(6.3) R = ¢cK4

(c a nonzero constant).

In particular if the function R is that function defined by (2.12), the con-
dition (6.3) is a necessary and sufficient condition that the projective normal
and the metric normal coincide [9]

Let the functions % and 8B be defined by the formulas

A = g,,A°4°, B? = g,,BrBe.
We may show that the lines of curvature are given by (4.1) with
m= 9, n = B.

Hence we may apply the formulas in-§5 to study the lines of curvature. We
shall not enter into these discussions at present.

Finally let (1.3) be again interpreted as the definining differential equa-
tions of a surface in a projective space of three dimensions. Let the line xy
be chosen as an R-conjugate line with R unspecialized. Let y be an unspecial-
ized point on xy. By virtue of (1.8) we may choose a multiplier of the functions
9 so that E,=0. The last of equations (1.4) shows that there exists a sym-
metric tensor G defined by the formula

(6.4) = =D"M = - D"M

If M50 there exist covariant components G.s defined uniquely by the for-
mula
GaG” = b..

We may easily show that
M1, =0,

that is, the curves corresponding to the developables of the R-conjugate congruence
are “orthogonal” in the metric based on G.p.
Again from (1.4) and (6.4) one may show that

A
P&aﬁ‘y = Gd)\PaB‘y = D&ﬂDa'y - Da'yDaB-
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Hence
P1212 = D-

Again from (6.4) we find that
M =D/G, G =|Gal.

We may call the tensor [8] Psagy the projective curvature tensor of the surface S
relative to the R-conjugate line xy and the point y.

For a given R-conjugate congruence and a particular choice of ideal point
y on the line of the congruence through x, the foregoing presents a natural
manner of introducing a metric on the surface. We shall refrain from the
elaboration of this theory for the present.
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